The ability of the Generalized Continuum Transport model to describe dispersion is studied through the comparison of the breakthrough curves with an analytical solution of the linear advection-dispersion Equation. First, a velocity distribution due to Taylor dispersion in a capillary tube is related to the dispersion coefficient of the advectiondispersion equation. The same distribution is applied to the Generalized Continuum Transport model, where the dispersive flux term is not included as the term proportional to the concentration gradient. In the second stage the velocity distribution is obtained from the transition probability introduced through the Continuous Time Random Walk approach. The approaches support the idea that the Generalized Continuum Transport model captures velocity variations naturally through the parameter space. The results confirm that a proper selection of the parameter space, including its size, leads to more physical transport description as well as accurate quantification.
Introduction
Dispersion phenomena in flow have always attracted attention of scientists and engineers [1, 2, 3, 4, 7, 5, 6] . Investigations of dispersion have addressed a broad range of scales starting from the pore scale (Taylor dispersion [1, 2] ) and moving towards larger scales (distribution of pore conductivities, variation in pore matrix permeabilities, etc. [7, 8, 9] ).
The linear Advection-Dispersion Equation with constant coefficients (ADE) is widely used for solute transport quantification despite the reported limitations [11, 12, 13] . In the classical ADE formulation all transport variations are summarized in a single dispersion coefficient, which represents neither the nature of those variations nor the scale. Many attempts have been made in order to improve ADE or provide a better transport quantification. Introduction of space-and time-dependent dispersion coefficient leads to a better description of the corresponding processes [14, 15] . Numerous stochastical approaches such as Continuous Time Random Walk (CTRW) [8] , Global Random Walk [16, 17] and stochastic ADE [18] aimed to capture non-Fickian and memory effects. Multiple porosity and multi-permeability models have improved quantification of transport in porous networks with local heterogeneities and trapping, non-Fickian on a large scale [7, 19] .
Generalized Continuum Transport approach (GCT) has been introduced in [20] in order to provide a model, which is continuous in both space and time, provides a better quantification of anomalous effects and has existing models as a limit or as a subset. Despite of this statement, GCT does not limit directly to ADE, where the dispersive flux is proportional to the concentration gradient. It is proposed that the velocity variations should be captured by introducing the velocity distribution over the media together with the mass transfer between them. Adaptive computations based on GCT were proposed in [10] .
In this study we implement the velocity variations in a pore channel into the GCT model. The velocity distribution is derived from two formulations: from the velocity profile due to Taylor dispersion and the transition probability distribution of the CTRW approach. The velocity distributions are applied to GCT, where the mass transfer is calculated by fitting the solution of GCT to the solution of ADE obtained under the same conditions. Accordingly, we demonstrate the ability of the GCT model to quantify the velocity variations in a more natural manner, that is advantageous for analysis of the flow dispersion mechanisms.
The article is organized as follows. At first, the velocity distribution due to Taylor dispersion in a capillary channel is addressed in Section 2. The velocity distribution is applied to the GCT model and the mass transfer term Figure 1 : Parabolic velocity profile in a capillary tube is obtained during the curve fitting. The same assumptions are used in order to derive the coefficients for ADE. Consequently, the solution of GCT is compared with the analytical solution of ADE. In Section 3 the velocity distribution is obtained using the CTRW approach. Same as in Section 2, the solutions of both GCT and CTRW are compared. The results are discussed in Section 4.
Velocity Distribution Due to Taylor Dispersion
When a fluid flows through a capillary tube, a velocity profile develops due to the wall friction. Thus, the fluid is dispersed along the axis associated with the mean flow direction. This phenomenon has been discussed and quantified in [1] and is called Taylor dispersion. It has also been shown that the velocity profile in a circular pipe is parabolic and can be expressed as [1, 2] 
where r is the distance from the tube center, u is the average velocity and a is the radius of the channel (Fig. 1) . The effect of Taylor dispersion is compensated by the presence of molecular diffusion which mixes the fluid moving with different velocities across the mean flow direction. On average, the effect of Taylor dispersion can be expressed by the dispersion coefficient [1] 
Thus, the effective dispersion coefficient becomes
and the average transport along the capillary can be quantified by the one-dimensional version of ADE
A typical porous system consists of small capillaries, where Taylor dispersion plays a significant role [1, 2, 3] . It has been emphasized by [9] that including Taylor dispersion is important for accurate modeling of transport in porous networks.
In GCT model, the concentration of the contaminant is determined for each physical point in space and time as well as distributed over the space of parameters Ω. This is similar to the multiple-permeability and multi-rate models, where the concentration is given separately for each continuum. In GCT, the concentration is distributed over a continuous space of transport continua such that
where X denotes a bounded domain in R d , d being the spatial dimmension and T denotes a finite time interval.
These continua interact with each other through a mass transfer term, which is essentially a function of concentration
where n(ω, ξ) is the mass transfer coefficient. Mass conservation requires that
which follows from the fact that the species do not accumulate but are being redistributed. At the same time, n(ω, ξ) should be symmetrical because both n(ω, ξ) and n(ξ, ω) represent mass transfer between the same two continua. Following [20] , we write GCT in a form
where ϕ is in general a function of (x, t, ω), and φ is a scalar denoting the medium's porosity. Here, ϕ is the probability density to find that species (portion of fluid, moving with flux j with exchange rate N ) within the medium. In other words, it is the void space distribution within a porous medium or a fluid part within the channel. Thus, one more requirement should be fulfilled:
The mass transfer term acts only on c as a function of ω and accounts for the transport mechanisms in the medium. The fluid flux j is generally a function of (c, x, t, ω), but here we want it to account only for the velocity distribution over Ω. This means that for a homogeneous stationary domain
where u(ω) can be obtained directly from the Taylor velocity distribution. Consider a circular channel, where the velocity profile is parabolic, and consider a part of the fluid which has the longitudinal velocities lower than u. Obviously, these velocities can be found within the ring with radii R and a. The portion of the fluid, moving within the given velocity range, is related to the area of this ring
Substituting r with u using the relation (1), we get
Thus, the velocity's density function is of the form
which corresponds to the uniform probability distribution. This velocity distribution can be used directly in (8) and represents the effect of Taylor dispersion, while the mass transfer between the fluid portions acts similar to molecular diffusion. For analysis, the capillary dimensions are given in Table 1 and are chosen such, that they represent a typical pore channel similar to those in [9] . The effective dispersion coefficient is calculated using the relations (2) and (3), and it is 3 orders of magnitude larger than the molecular diffusion coefficient. The velocity distribution is discretized in order to resolve the GCT equation numerically. Thus in case of a long capillary channel (8) becomes
where the mass transfer coefficient n(ω, ξ) will be numerically fitted. Here and below we omit writing the variables x, t for the solute concentration, though it is, of course, distributed over space and time. The porosity coefficient is not applicable for the channel volume, and therefore φ = 1.
In the discretized form of GCT (14) ϕ(ω) is exactly the portion of the fluid, traveling with the average velocity u(ω), given by
Thus, Ω here corresponds to the discretization of the capillary channel; hence, the velocity profile in the channel. The velocity distribution is obtained directly from (13) and applied to (14) . At the same time, the reference BTCs are obtained through an analytical solution of ADE in case of a semi-infinite domain with constant boundary condition and zero (no solute) initial state
The analytical solution of ADE for such system is known to be [21] c ADE (x, t) = erfc
where erfc(x) is the cumulative error function defined as
Consequently, the reference BTCs are fitted with the solution of (14) in order to obtain the matrix of mass transfer coefficients n(ω, ξ). The parameter of the analysis is the size of Ω, which represents the discretization of the velocity distribution across the channel. Discretization of the velocity distribution assumes that the velocity of the fluid between the given radii is treated as constant. The thickness of the ring (Fig. 2) corresponds to the idea that molecular diffusion counteracts Taylor dispersion. Larger dx results in averaging across the channel which represents mixing, similar to molecular diffusion (same as in (eq:Tdisp)). Therefore, the minimal size of the ring is directly related to the molecular diffusion coefficient.
The solution of (14) is obtained using the first order upwind finite-difference method in space and backward Euler in time. For a discussion on the numerical diffusion for related discretization schemes we refer to [27] . The equation (14) is rewritten in a form
enclosed with initial conditions (uncontaminated domain)
and boundary conditions (full contamination at the inlet)
The average concentration c(x, t) is calculated from the weighted sum:
Hence, the GCT model in the discrete form (when Ω is a finite set) transforms into the multiple continua model (14) , and (19) is simply a system of algebraic equations. The velocity distribution, discussed above, provides directly the vectors ϕ(ω) and u(ω), while the mass transfer rate matrix n(ω, ξ) is found by fitting the corresponding BTCs. The fitting of the curves and derivation of the model unknowns (mass transfer rates) is performed using the least squares method in combination with Nelder-Mead optimization method [23] in order to minimize the fitting error of a multivariate function. This method is widely used due to its robustness as it is derivative free. The minimum of a multivariate function is estimated based on the function values at a given point sequence calculated by the algorithm. Here we minimize the fitting error, which is defined as
where X p is the subset of X, and it is the finite set of observation points. The concentration is observed at some time points t i , where N is the number of those points. It is logical to define the fitting criterion to be the least squares, as the BTCs are usually smooth and do not experience any local spikes. The fitting process is suggested to be completed when the error tolerance reached 10 −10 , with the parameter tolerance set to 10 −6 . Thus, the parameters are found when those criteria have been fulfilled.
The results of the curve fitting are presented on Fig. 3 : fitting error is plotted against the size of the parameter spase Ω which corresponds to the velocity profile discretization. It is obvious, that a poor discretization of the velocity distribution (smaller size of Ω) leads to higher fitting error and improper representation of the processes in the considered pore channel. On Fig. 4 the solution of ADE (the reference BTC) is plotted together with the fitted solution of GCT.
Truncated Power Law for Transition Time Distribution
Another interesting source of the velocity distribution is the Truncated Power Law (TPL) for the Continuous Time Random Walk model (CTRW) [8] . In CTRW the flow domain is discretized, and a probability ψ(s, t) of the particle displacement s per time t is introduced. The probability per time for a particle to arrive at site s at time t is given by
Thus, (24) leads to non-local processes, whose current state depends on the set of the previous states R(s , t ). It is essential that ψ(s − s , t − t ) is defined for a displacement (s − s ) with a difference of arrival times (t − t ) and does not depend on the process history. The probability of the particle to leave the site after time t is given by
CTRW approach is completely equivalent to the Generalized Master Equation [22, 24] with the correspondence
from which the concentration of the contaminant can be calculated. Here, Ψ(t) is the probability of particles to remain at the site
A more complete knowledge about the CTRW approach can be obtained through [8] and references therein. ψ(t) is the probability density function that accounts for transport nature. A common way to define ψ(t) is the TPL model [25] which accounts for the transition from normal to anomalous (non-Fickian) transport, and thus, is also suitable for our needs:
where Γ is the incomplete Gamma-function [26] . TPL model is, therefore, determined by the parameters β, t 1 and t 2 , which can be obtained by fitting the BTCs. ψ(t) defines the probability of transition at time t. In order to assess the velocity distribution we introduce the mean transition time which is defined as [25] :
and is related to the drift velocity and the mean displacement as:
Consequently, the velocity distribution is derived by substituting the transition time with the transition velocity u = s mean /t. Here ψ(u) is the cumulative distribution function. The corresponding probability density function can be found from its differential:
The BTCs, obtained previously, are fitted with the CTRW model with TPL distribution of transition time. Consequently, the distribution is transformed into the velocity distribution which is then applied into the GCT model (14) in discretized form (one discretization example is presented on Fig. 5 ):
Same as before, the discretization resolution varied from 3 to 10 and this is the main parameter for fitting the BTCs with the GCT model. It was observed that β > 2, which leads to Fickian type dispersion [8] . This is a consequence of the BTCs' origin, that was obtained from the solution of ADE. The results of the curve fitting are presented on Fig. 6 and Fig. 4 . Same as for Taylor velocity distribution, the GCT model demonstrates excellent correspondence when the size of Ω is sufficiently high. Thus, GCT captures the velocity variations by introducing the corresponding velocity distribution into the model.
Conclusions
The ability of the GCT model to capture the dispersive transport effects is demonstrated by applying the velocity distributions from two sources: parabolic profile in a channel due to Taylor dispersion and transition time distribution of the CTRW TPL model. The solutions of GCT and ADE are compared in terms of the discretization resolution of velocity distributions. It is essential that the velocity variations are introduced in the model without the second order term, which is in contrast to ADE.
It is remarkable that a proper discretization of the velocity distribution across the pore channel gives good fitting results, while a lower resolution leads to large error. This supports the suggestion that molecular diffusion counteracts the development of the parabolic velocity profile. Hence, intro-duction of the larger fluid regions, where velocity is treated as the constant average, seems to lead to stronger mixing in the transversal direction.
The same error vs. resolution tendency appears when the TPL type distribution is applied to the GCT model. The transition time distribution corresponds to Fickian behavior which is reasonable, since the BTCs were obtained directly from the solution of ADE.
Finally, we conclude that flow variations are implemented more naturally in the GCT model through the corresponding distribution of parameters. At the same time, GCT is continuous in both space and time which makes it an interesting tool for investigation of transport mechanisms both numerically and analytically.
